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Figure 15. Growth rate of the most dangerous mode as a function of the viscosity ratio for
different Péclet numbers. For small viscosity contrasts, higher Pe values are destabilizing, while
for R � 5 the growth rates decrease with increasing Pe.
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Figure 16. Wavenumber of (a) the most dangerous mode and (b) the cutoff mode as a function
of the viscosity ratio for different Pe. Higher Pe values increase the dominant perturbation
wavelength and decrease the cutoff wavelength for all R.

a net displacement. These authors observe a decrease in the dominant wavelength
with increasing Rayleigh number, which similarly to Pe represents a measure of
convective to diffusive transport. This seems to indicate that there is a qualitative
difference between the nature of the instabilities in displacement flows vs. those
driven by gravitational effects, at least at high Pe. It is not immediately obvious
why an increase in Pe leads to longer wavelength dominant modes, or lower growth
rates at higher viscosity ratios. The important length scales in the baseflow field,
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besides the width of the gap, are the front thickness d0 and the reduced width of the
finger λ. d0 decreases uniformly with Pe and R (cf. figure 5), while λ decreases with
Pe for small values of R and exhibits a reverse trend at larger viscosity contrasts
(cf. figure 11). We would expect thinner and narrower fronts to be more unstable,
because of stronger concentration gradients. On the other hand, Goyal & Meiburg
(2004) found a stabilizing effect of decreasing interfacial thickness of the base state
concentration profile on gravitationally driven instabilities in a Hele-Shaw cell. They
attribute this to the two interacting length scales present in the Hele-Shaw problem,
namely, the finite width of the gap and the interfacial thickness of the mixing layer.
Thicker interfaces increasingly shift the eigenfunctions into the less viscous fluid at
high R, leading to lesser damping and higher growth rates.

However, in the present case with complex interfacial shapes of the eigenfunctions
and far thinner interfaces, we do not notice any significant shift of the eigenfunctions
which reside almost completely within the tip of the displacement front over the
entire range of Pe and R examined here. Further, the relatively mild damping of the
growth rates with Pe at high values of R and also with R for Pe = 2000, leads to very
similar looking eigenfunctions. In an attempt to understand these effects, we tried
to delineate the effects of the various parameters in the baseflow from those caused
by the variation of Pe and R in the perturbation equations. Hence, we performed
some stability calculations by varying Pe and R artificially for different baseflow
configurations, in contrast to true flows where these parameters would have the same
values in both the two-dimensional simulations and the linear stability analysis. This
could help us distinguish and compare the relative influence of d0 and λ, with that of
Pe and R on the perturbations. These calculations showed that an increase in Pe in
the perturbation equations causes the eigenfunctions to become sharper and reside
completely within the tip of the baseflow front, which always has a stabilizing effect.
d0 and λ have a rather weak influence on the growth rates of the perturbation, though
generally, thicker and wider interfaces are more stable than their thinner, narrow
counterparts. As for the case of true flows, discussed earlier, we do not observe a
discernible shift of the eigenfunctions into the less viscous fluid.

These observations are in contrast to the gravity-driven instability (Graf & Meiburg
2002; Goyal & Meiburg 2004), where the front thickness plays an important role in
determining the growth rates. Figure 16 shows that the influence of Pe on βmax and
βcrit is very small and to a first approximation, they are practically independent of Pe.
As demonstrated by the scaling arguments of Fernandez et al. (2001), it seems that
the gapwidth alone sets the length scale of the viscous fingering instability, while the
changes in the base state modify it only slightly.

4.4. Comparison with miscible Hele-Shaw experiments

Paterson (1985) conducted radial displacements of glycerin by water (R � 7) at high
Pe numbers of O(105). He observed a dominant wavelength of about four times the
gap width. In comparison, for this value of R, our linear stability analysis predicts a
dominant wavelength of about 3.3 gap widths, albeit at a much lower value of Pe (cf.
figure 16). Computational limitations prevent us from extending our analysis to values
much beyond Pe= 2000. However, figure 16 indicates that for R = 7 the dominant
wavelength does not vary strongly with Pe, at least in the Pe-range investigated here.
Overall, there is a tendency for the dominant wavelength to increase with Pe, which
would bring the linear stability results closer to the experimental values. In assessing
the comparison, furthermore, it is to be kept in mind that the experiments were
carried out in the radial configuration, as opposed to the rectilinear flow considered
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in the stability analysis. In addition, the dominant wavelength in the experiments was
determined during the nonlinear stage, and not during the early stage of infinitesimal
perturbations. Given these limitations, the agreement between theory and experiment
can be considered satisfactory.

Lajeunesse et al. (1997) observe a dominant wavelength of 5 ± 1 gap widths for
their variable density, miscible displacement experiments in vertical Hele-Shaw cells
at Pe> 104. They point out that this value of the dominant wavelength is rather
independent of R over a wide range of mobility ratios from R ≈ 1 to R ≈ 6. As
mentioned above, it is possible that gravitational effects have an influence on the
dominant wavelength. The dominant wavelength in vertical displacements with density
stratification is an open question that we plan to address in more detail in the future.

Snyder & Tait (1998) conducted experiments in horizontal Hele-Shaw cells with
neutrally buoyant fluids and found the dominant wavelength of the instability to be
around twice the gap width. However, their data show substantial scatter across the
entire range of mobility ratios, so that a precise comparison is not possible.

4.5. Comparison with results obtained from Darcy’s law

Hickernell & Yortsos (1986) derived bounds for the growth of small perturbations
in porous media displacements in the absence of diffusion and dispersion. Tan &
Homsy (1986) treat both isotropic and highly anisotropic dispersion media in their
linear stability theory based on Darcy’s law. We rescale their relation corresponding to
isotropic dispersion in terms of our non-dimensional parameters, using the additional
facts that the flow rate is the same in both cases, and that the permeability of their
porous medium is related to the gap width of the Hele-Shaw cell. The dispersion
relation for a step concentration profile then reads

σ =
β

24Pe
{(RPe − 12β) −

√
144β2 + 24RβPe}. (4.22)

In figure 17, we compare the present Stokes flow dominant mode growth rates and
wavenumbers with those corresponding to (4.22) for the two lower values of Pe
considered here. Clearly, the dominant wavelengths and their growth rates are not
captured accurately by the Darcy analysis. At the lowest values of Pe=500, and
R = 3 the growth rates are comparable while an increase in either parameter leads to
a large discrepancy. We do not plot the cutoff modes from Darcy’s analysis here, but
mention that like the dominant wavenumber, it follows the same trend of a linear
increase with the viscosity ratio and much higher values as compared to the Stokes
analysis. For long waves, the Darcy analysis underpredicts the growth rate, while it
overpredicts the growth of short waves. Given the obvious limitations inherent in
applying Darcy’s law to variable viscosity flows in Hele-Shaw cells, this finding is not
unexpected, and it agrees with corresponding observations by Graf & Meiburg (2002)
for gravitationally driven instabilities.

4.6. Miscible vs. immiscible flow

It is of interest to compare the influence of Pe in unstable miscible displacements
with that of the capillary number Ca in immiscible ones. For small values of Ca,
Park & Homsy (1984) perform asymptotic expansions in order to determine the
dominant wavelength. Their results, which were confirmed by the experiments of Park,
Gorell & Homsy (1984), yield much larger wavelengths than found here. Subsequently,
Maxworthy (1989) compiled experimental results by several authors for the dominant
wavelength over a range of Ca (10−3 <Ca < 30). The data generally compare well
with those of Park & Homsy (1984) and Schwartz (1986) at low capillary numbers. At
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Figure 17. Comparison of the present Stokes flow results (solid lines) with (a) growth rates
and (b) wavenumbers based on Darcy’s law (dashed lines) for different Péclet numbers (Tan &
Homsy 1986).

higher Ca (1 <Ca < 30), the dominant wavelength remains fairly constant at about
five times the gap width of the Hele-Shaw cell. This value is reasonably close to the
dominant wavelength of about 3.3 gap widths found here for high viscosity contrasts
and large Pe.

5. Discussion and conclusions
The present investigation is intended to shed light on the miscible fingering

instability encountered when a less viscous fluid displaces a more viscous one in
a Hele-Shaw cell. As a first step, we performed two-dimensional Stokes simulations
of miscible displacements in a gap for Péclet numbers up to 104 and mobility ratios
up to about 103, corresponding to R =7. In the lower range of Pe and R, these
simulations agree closely with the earlier results of Rakotomalala et al. (1997). The
results indicate the existence of a quasi-steady state near the tip of the front for
Pe> O(500) and R > 2 − 3.

We characterize this quasi-steady state in terms of the front thickness and its
propagation velocity. The front thickness is seen to scale with Pe−1/2, while it is
only a weak function of the viscosity ratio. These findings are in agreement with
corresponding observations by Chen & Meiburg (1996) for miscible displacements in
capillary tubes. The nature of the viscosity–concentration relationship has a significant
influence on the quasi-steady state. For the exponential relation employed throughout
most of the investigation, we find that the tip velocity increases with Pe for small R,
while it decreases with Pe for large R. In contrast, for a linear viscosity–concentration
relationship, the tip velocity is seen to increase with Pe for all viscosity ratios. The
simulation results suggest that in the limit of large Pe and R, the width and tip velocity
of the front would asymptote to the same values as the immiscible counterpart studied
by Reinelt & Saffman (1985) for large Ca.
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In a second step, we examine the stability of this quasi-steady front to spanwise
perturbations. For all Pe, the maximum growth rate is found to increase monotonically
with R. At the largest value of Pe, however, the maximum growth rate is observed
at R = 6 and a slight damping occurs with further increase in the viscosity contrast.
The influence of Pe on the growth of the instability is non-uniform. For mild
viscosity contrasts, a larger Pe is found to be destabilizing, while for large viscosity
contrasts, an increase in Pe has a slightly stabilizing influence. We performed artificial
calculations to try and understand these effects. These did show that increasing Pe in
the perturbation equations surprisingly leads to a damping of the instability, while the
baseflow front thickness and width tend to modify the growth rates and wavelengths
only slightly. We did not observe a shift in the eigenfunctions for higher R, similar
to our earlier investigation of gravity-driven instabilities in Hele-Shaw cells (Goyal
& Meiburg 2004). In that situation, the competing influence of the two length scales
that enter the problem, namely, the interface thickness and the gap width of the
Hele-Shaw cell, led to higher growth rates for thicker interfaces at large viscosity
contrasts. Apparently, the gap width of the cell alone sets the length scale of the
instability in the present case, and both R and Pe have a relatively weak effect on the
dominant wavelength.

Many of the above effects are in stark contrast to observations based on Darcy’s
law, which find higher values of Pe and R to be uniformly destabilizing, and to
result in shorter instability wavelengths. The less complex behaviour of Darcy flows
originates from the presence of only one length scale in the problem, namely, the
initial interfacial thickness, while the added influence of the gap width causes much
more complex behaviour in Hele-Shaw flows.

A close inspection of the instability eigenfunction reveals the presence of two sets
of counter-rotating roll-like structures, with axes aligned in the cross-gap and in the
streamwise directions. The former lead to the periodic, in the spanwise direction,
acceleration and deceleration of the front, while the latter result in the thickening and
thinning of the front. These roll-like structures are aligned in such a way that the
front thickens where it speeds up, and thins where it slows down.

While detailed experimental data are not available for the growth rate of the
fingering instability, such data do exist for the dominant wavelength. Compared to
the experimental observations by Paterson (1985), our linear stability results predict
a somewhat lower most amplified wavelength. There may be several reasons for this
discrepancy. First, Paterson’s observations were made in radial displacements, while
our analysis considers rectilinear flows. Secondly, his data may have been collected
during a stage of the flow that was already influenced by nonlinear effects. Finally, and
perhaps most importantly, his experiments were conducted at Pe of O(105), whereas
the present results are limited to Pe no larger than 104. The linear stability analysis
shows that increasing Pe values generally lead to larger dominant wavelengths, which
does suggest that better agreement would be obtained if we were able to conduct the
analysis at the values of Pe employed in the experiments. Similarly, the wavelengths
predicted by the present linear stability analysis are somewhat smaller than the
experimental observations by Lajeunesse et al. (1997). However, it is to be kept in
mind that these authors consider vertical displacements in the presence of density
differences, which may well affect the dominant wavelength.

Finally, the present investigation comments on similarities and discrepancies
between the role of Pe in miscible displacements, and that of Ca in immiscible
ones. For immiscible displacements at infinite viscosity ratio, the theoretical analysis
by Park & Homsy (1984) and the compilation of experimental data by Maxworthy
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(1989) show that for low Ca, the wavelength of the most dangerous mode scales
as Ca−1/2, while for large Ca, a dominant wavelength of about five times the gap
width emerges. On the other hand, the present results show that for large R, the
dominant wavelength is largely independent of Pe and has a value of about 3.3 gap
widths. For small viscosity contrasts, the wavelength is seen to increase with Pe. These
observations indicate the limitations of the Pe − Ca analogy.

Possible extensions of the current investigation will address the effects of density
stratification in a gravitational field. In particular, it will be interesting to quantify
the modification of the most dangerous wavelength and the associated growth rate
by density effects, as this may aid in the comparison with the experimental data
discussed above. Furthermore, an extension of the present study into the nonlinear
regime promises to provide new insight. Specifically, it will be interesting to compare
the merging, splitting and shielding processes observed in three-dimensional Stokes
simulations with their Darcy counterparts. Efforts in these directions are currently
underway.
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this research was received from the NASA Microgravity and NSF/ITR programs, as
well as from the Department of Energy, and through an NSF equipment grant.
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