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Figure 10. Perturbation eigenfunctions and velocity vectors for Pe = 2000, F = 50 and (a–c)
R = 0, and (d–f) R = 5, superimposed on the base concentration fields provided in grey shading.
(a, d) Concentration eigenfunction ĉ. (b, e) Spanwise velocity eigenfunction û. (c, f) Perturbation
velocity vectors in the (y, z)-plane. Solid (dashed) lines indicate positive (negative) values.
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Figure 11. Comparison of (a) the growth rate, and (b) the wavenumber of the dominant
perturbation mode as a function R, for the cases with and without a net displacement. �,
Ra = 105; �, F = 50, Pe = 2000.

and wavenumbers of the dominant mode for Ra = 105, and for the corresponding
case of Pe= 2000 and F = 50. Here, the growth rates of the gravity-driven flow have
been rescaled by using (3.5) between the characteristic time scales. For R = 0, this
rescaling results in nearly identical growth rates. As the viscosity contrast between the
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Figure 12. (a) Growth rate and (b) most unstable wavenumber as a function of Pe for
R = 5 and different values of F . Both quantities depend only weakly on Pe.

two fluids is increased, the displacement flow becomes comparatively more unstable.
This is consistent with our expectation, as the viscous instability reinforces the purely
gravitational one. The wavelength of the dominant perturbation mode is determined
largely by the viscosity ratio, as mentioned previously. The transition from a purely
gravitational instability to one governed by both viscous and gravitational effects is
reflected by the peak of each curve at R =1.

Goyal & Meiburg (2006) showed that for neutrally buoyant displacements, the
dominant wavelength increases weakly with Pe. Figure 12 plots the dominant mode
growth rate and wavenumber as a function of Pe for R = 5 and different gravity
numbers. The results indicate that in displacements governed by both viscosity and
density contrasts, both the growth rate and the dominant wavenumber depend only
weakly on Pe, up to Pe = 2000. As mentioned in Goyal & Meiburg (2006), numerical
considerations prevent us from exploring higher values of Pe.

4. Discussion and conclusions
In Goyal & Meiburg (2006), we compared the growth rates and dominant

wavenumbers of neutrally buoyant Stokes flow displacements with corresponding
Darcy results of Tan & Homsy (1986). Bacri et al. (1992) and Manickam & Homsy
(1995) extend the Darcy analysis to vertical flows and derive analytical dispersion
relations for step concentration profiles in terms of the endpoint fluid properties.
They also identify a critical displacement velocity above which the flow is unstable.
We recast their relation in terms of our dimensionless parameters to obtain

σ =
β

24Pe

{
(RPe − 12β) +

FPe

6(1 + eR)
−

√
144β2 + 24RβPe + 4

FβPe

(1 + eR)

}
. (4.1)

Figure 13 shows the growth rates and dominant mode wavenumbers for both Stokes
and Darcy analyses as a function of F and R for Pe = 500. Although the overall
quantitative agreement is poor, the Darcy analysis correctly predicts an increase in
the growth rate with F and R. On the other hand, it predicts a continuous strong
linear increase of the dominant wavenumber with R and F , while the Stokes analysis
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Figure 13. Comparison of the present Stokes flow results (solid lines) with (a) growth rates
and (b) wavenumbers based on Darcy’s law (dashed lines) for Pe = 500 and different viscosity
ratios (Manickam & Homsy 1995). �; R = 2; �, R = 3; �, R = 4; ×, R = 5.

shows the wavenumber to depend very weakly on R, and to be nearly independent
of F , for F > 0.

In conclusion, the Stokes flow analysis of miscible displacements in vertical Hele-
Shaw cells reveals several features of the instability. For the range of parameters
investigated, both the growth rate and the dominant wavenumber depend only weakly
on Pe. The growth rate varies strongly, and nearly linearly, with F , so that even a
moderately stable density stratification can stabilize a viscously unstable displacement.
Both the growth rate and the dominant wavelength increase with the viscosity ratio
R. For unstable density stratifications, the dominant wavelength is nearly independent
of F . On the other hand, it increases strongly for stable density stratifications, which
resolves the discrepancy between the experiments of Lajeunesse et al. (1997) and the
analysis of neutrally buoyant displacements by Goyal & Meiburg (2006). Finally,
the kinematic wave theory of Lajeunesse et al. (1999) is seen to capture the stability
limit quite accurately, while the Darcy analysis misses important aspects of the
instability.
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